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Abstract
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1 Introduction
Lattice calculations in QCD have shown significant advances in the last years [1,2]. Sim-
ulations at the physical value of the pion mass are carried out nowadays, including up,
down and strange quarks as dynamical degrees of freedom. A further step to render lattice
QCD calculations even more realistic is also to include the charm quark in the simulations.
In fact the simulations with two quark generations have already been started [3,4,5,6,7,8].
Clearly, having the dynamical charm degree of freedom allows to test many physical as-
pects of the charm sector of QCD, such as the mesonic and baryonic spectrum and decay
constants, heavy quark effects in operator matrix elements, the renormalized charm quark
mass and eventually the running of the strong coupling constant for four flavours.
One concern when adding a charm quark mass is that lattice spacing effects may become
large. Even in O(a)-improved lattice theories cut-off effects of O(a2m2charm) are expected
to be present which then can become significant due to the rather large value of the charm
quark mass. In this paper, we want to investigate Wilson twisted mass fermions [9,10,11]
in a formulation that comprises mass degenerate light up and down quarks and mass
non-degenerate strange and charm quarks, which we refer to as Nf = 2+ 1+1 setup. All
our calculations were performed at maximal twist, where automatic O(a)-improvement is
realized. The particular goal of this paper is to prepare the analytical basis for a study
of the lattice spacing effects at tree-level of perturbation theory. To this end, following
Refs. [12,13,14], we derive the quark propagators both for the 4-dimensional discrete
momentum representation and the time-momentum representation in this Nf = 2+1+1
setup. From the expressions of these propagators we construct the full (four times four)
matrix of the correlation functions for K and D mesons.
Although calculations at tree-level of perturbation theory cannot be a quantitative mea-
sure for the interacting case when gluon degrees of freedom are incorporated, the qualita-
tive results obtained in such setup can nevertheless serve as a valuable indicator. Studying
the relative size of lattice spacing effects for the pion, the K and D mesons provides impor-
tant information how cut-off effects behave when light and heavy quarks are considered.
In the twisted mass formulation of lattice QCD, the situation of maximal twist is of
particular importance since in this case all physical observables are automatically O(a)-
improved. We don’t need an operator improvement and the calculation of corresponding
coefficients. In the interacting case, maximal twist is realized by tuning of the Wilson
quark mass to its critical value. As numerical and theoretical investigations in the past
have demonstrated, see Refs. [15,16,17,18,19], there are, however, optimal and non-optimal
ways to realize maximal twist.
At tree-level of perturbation theory, we study the analogs of these definitions of maximal
twist. The optimal definition of maximal twist in the interacting case is to tune the PCAC
quark mass to zero, which corresponds to setting the bare Wilson quark mass to zero at
tree-level. The choice of tuning of the theory to maximal twist is not unique. Any definition
of the critical quark mass that differs from the optimal one by O(a) effects still leads to
maximal twist. However, such definitions can introduce unwanted, chirally enhanced O(a2)
effects, i.e. terms that go like O(a2/m2π) and are hence called non-optimal. Our setup of
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tree-level of perturbation theory allows us to study both choices, the optimal tuning and
the non-optimal tuning to maximal twist and we explore both options in this paper to
understand better the behaviour of meson masses as functions of a2, when different tuning
conditions are employed.
2 Tree level of QCD with Nf = 2 + 1 + 1 flavours of quarks
2.1 Tree level of QCD in the continuum
2.1.1 Physical basis versus twisted basis
We consider a light degenerate quark doublet ψ(l) = {ψ(u), ψ(d)} with a mass mu,d and a
heavy non-degenerate quark doublet ψ(h) = {ψ(c), ψ(s)} with masses mc 6= ms. At tree-
level of perturbation theory, i.e. in the absence of any gauge field, the light and heavy
quark actions in the physical basis read:
Sl =
∫
d4x ψ¯(l)(x)
(
γµ∂µ +mu,d
)
ψ(l)(x), (1)
Sh =
∫
d4x ψ¯(h)(x)
(
γµ∂µ + diag(mc, ms)
)
ψ(h)(x). (2)
Expressing the physical basis quark fields ψ(l) and ψ(h) in terms of twisted basis quark
fields χ(l) and χ(h) via the twist rotation:
ψ(l) = eiωlγ5τ3/2χ(l), ψ(h) = eiωhγ5τ1/2χ(h) (3)
yields:
Sl =
∫
d4x χ¯(l)(x)
(
γµ∂µ +m0,l + iµqγ5τ3
)
χ(l)(x), (4)
with: m0,l = mu,d cos(ωl), µq = mu,d sin(ωl) and
Sh =
∫
d4x χ¯(h)(x)
(
γµ∂µ +m0,h + iµσγ5τ1 + µδτ3
)
χ(h)(x), (5)
where: m0,h = ((mc +ms)/2) cos(ωh), µσ = ((mc +ms)/2) sin(ωh) and µδ = (mc −ms)/2
respectively (the Dirac matrices γµ [µ = 0, 1, 2, 3] and γ5 act in spinor space and the Pauli
matrices τa [a = 1, 2, 3] act in the flavour space), ωl and ωh are the so-called light and
heavy twist angles.
The above relations between the quark masses and the mass parameters in the twisted
basis quark actions can be solved with respect to the quark masses:
mu,d =
√
(m0,l)2 + (µq)2, (6)
3
ms =
√
(m0,h)2 + (µσ)2 − µδ, mc =
√
(m0,h)2 + (µσ)2 + µδ. (7)
At maximal twist ωl = ωh = π/2, corresponding to m0,l = m0,h = 0, these relations
simplify to:
mu,d = µq, ms = µσ − µδ, mc = µσ + µδ. (8)
2.1.2 Meson spectrum
At tree-level of QCD, i.e. in absence of gluonic fields and, therefore, of any interactions
between quarks, mesons correspond to free quark-antiquark pairs. For mesons at rest, i.e.
with total momentum P = 0, the quark and the antiquark have to have opposite momenta
+p and −p. For example the spectra of K and D mesons are given by:
mK(p) =
√
(ms)2 + p2 +
√
(mu,d)2 + p2, mD(p) =
√
(mc)2 + p2 +
√
(mu,d)2 + p2. (9)
When we consider infinitely extended space, there is a continuum of states parametrized
by momentum ±p associated with the quark-antiquark pair. When considering a finite
spatial volume L3, only discrete momenta p = 2πn/L, n ∈ Z3 are possible, rendering the
meson spectra also discrete. In both cases all states are two-fold degenerate, corresponding
to parity P = − and P = +. An exception are mesons with quark momentum p = 0, for
which one can show that at tree-level they only exist for negative parity.
2.2 Tree level of perturbation theory of twisted mass lattice QCD
The lattice discretizations of the twisted basis quark actions (4) and (5) are: [9,10]
Sl = a
4
∑
x
χ¯(l)(x)
(
DW(m0,l) + iµqγ5τ3
)
χ(l)(x), (10)
Sh = a
4
∑
x
χ¯(h)(x)
(
DW(m0,h) + iµσγ5τ1 + µδτ3
)
χ(h)(x), (11)
where DW denotes the standard Wilson Dirac operator:
DW(m0,x) =
1
2
(
γµ
(
∇µ +∇
∗
µ
)
− a∇∗µ∇µ
)
+m0,x, x ∈ {l, h}. (12)
At maximal twist, physical observables are automatically O(a) improved, i.e. lattice dis-
cretization effects appear only quadratically [10,11]. Although maximal twist can be real-
ized in many different ways, there is an optimal definition of maximal twist corresponding
to setting m0,l = m0,h = 0 [16]. Note that for the light quark doublet, the Wilson term
explicitly breaks isospin and parity, which becomes clear after a rotation to the physical
basis. Only parity combined with light flavour exchange remains a symmetry. Since the
Wilson term is O(a), isospin and parity are restored, when approaching the continuum
limit. For the heavy quark doublet similar statements apply.
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For infinite temporal extension, the lattice meson spectrum is expected to be qualitatively
identical to the continuum meson spectrum discussed in Section 2.1.2. In particular, also
on the lattice no positive parity mesons exist, with both quarks having zero momentum.
3 Twisted mass lattice quark propagators
The calculation of the heavy strange and charm quark propagators at tree-level of twisted
mass lattice QCD is somewhat lengthy, but straightforward. Here we only quote the result,
while details regarding the calculation can be found in App.A.
We can express the twisted mass action of the heavy doublet (11) in terms of the matrix
K(x; y):
Sh = a
4
∑
x
∑
y
χ¯(h)(x)K(x; y)χ(h)(y), (13)
which is of the form:
K(x; y) = −
1
2a
3∑
µ=0
(
δx+µˆ,y(1− γµ)+ δx−µˆ,y(1+ γµ)
)
+ δx,y
((
m0,h+
4
a
)
+ iµσγ5τ1+µδτ3
)
,
(14)
where x, y ∈ Z denote space-time indices. The equation:
a4
∑
y
K(x; y)S(h)(y; z) = δx,z (15)
relates K(x; y) to the heavy twisted mass propagator S(h)(y; z) in position space repre-
sentation.
In the time-momentum space representation, defined by:
S(h)(t,p) =
∑
x−y
e−ip(x−y)S(h)(x0,x; y0,y), (16)
where t = x0 − y0, the resulting propagator for infinite temporal lattice extension reads:
S(h)(p,±|t|) = A(1)
[(
N(1) − iµσγ5τ1
)(
N2(1) +R
2
(1) − 2µ
2
δ
)
+ µδτ3
(
R2(1) −N
2
(1) − 2µ
2
σ
)
−i
(
N2(1) +R
2
(1) − 2µσµδγ5τ2 − 2N(1)µδτ3
)(
K ±
iγ0
a
sinhE(1)
)]
+
(
(1)↔ (2)
)
,(17)
with:
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A(1),(2) = −
ae−E(1),(2)|t|/a
4((M0,h + 1/a)2 − µ2δ) sinhE(1),(2)(coshE(1),(2) − coshE(2),(1))
, (18)
N(1),(2) = M0,h +
1
a
(
1− coshE(1),(2)
)
, R2(1),(2) = K
2 + µσ + µδ −
1
a2
sinh2E(1),(2), (19)
K =
1
a
3∑
j=1
γj sin(pja), M0,x = m0,x +
2
a
3∑
j=1
sin2(pja/2), x ∈ {l, h}, (20)
and the poles of the propagator in the energy-momentum space representation:
coshE(1),(2) =
−b˜∓
√
b˜2 − 4a˜c˜
2a˜
, (21)
where:
a˜ =
4
a2
((
M0,h +
1
a
)2
− µ2δ
)
, (22)
b˜ =
8
a
µ2δ
(
M0,h +
1
a
)
−
4
a
s
(
M0,h +
1
a
)
, (23)
c˜ = s2 − 4µ2σµ
2
δ − 4µ
2
δ
(
M0,h +
1
a
)2
, (24)
s =
(
M0,h +
1
a
)2
+
1
a2
+K2 + µ2σ + µ
2
δ. (25)
This analytical result for the heavy propagator has been checked by comparing with
numerically computed propagators for various spatial lattice extensions and quark masses.
The corresponding light twisted mass propagator has been calculated in [13]. It reads:
S(l)(p,±|t|) = B
((
1− coshE + aM0,l
)
± γ0 sinhE − iaK − iaµqγ5τ3
)
, (26)
where K and M0,l are defined in (20) and
B =
e−E|t|/a
2 sinhE(1 + aM0,l)
, coshE =
(aM0,l + 1)
2 +K2a2 + µ2qa
2 + 1
2(1 + aM0,l)
. (27)
4 Correlation matrices for K and D mesons
To study cut-off effects at tree-level of perturbation theory forNf = 2+1+1 quark flavours,
we consider the spectrum of K and D mesons. As already discussed in Section 2.1.2, such
mesons consist of the light up/down antiquark and either the heavy strange or the heavy
charm quark. Since there is no gluonic field at tree-level, both quarks are free particles.
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To create such mesons with well defined quantum numbers, we apply meson creation
operators O(h,Γ) to the vacuum state |Ω〉. In the physical basis in continuum QCD, a
possible choice of appropriate operators is given by:
O(h,Γ)(t) =
∫
d3x ψ¯(u)(x, t)Γψ(h)(x, t). (28)
The heavy flavour index h ∈ {s, c} determines whether the K meson or the D meson is
created, the 4 × 4 matrix Γ ∈ {γ5, 1} realizes the total angular momentum J = 0 and
either the negative parity P = − or the positive parity P = + and the integration over
space
∫
d3x yields the total momentum P = 0, i.e. assures that the light and the heavy
quark have opposite momenta ±p. In principle, one could also fix the individual quark
momenta ±p by including a second integration over space, but we prefer to consider not
only the ground state, but also higher states, to have a situation, which is more like one
of the interacting case, i.e. beyond tree-level, where one cannot get rid of excited states
at the stage of operator construction, see Refs. [6,7] for an investigation of meson mass
determinations in the interacting case.
On the lattice using the twisted mass formalism an equivalent set of meson creation
operators is given by:
O(h,Γ)(t) =
∑
x
χ¯(u)(x, t)Γχ(h)(x, t). (29)
Note, however, that at finite lattice spacing, even after a rotation to the physical basis,
parity and heavy flavour are only approximate quantum numbers, because of explicit
twisted mass flavour and parity breaking. For a detailed discussion of these issues we refer
to [6,7]. To extract meson masses, we first calculate 4 × 4 correlation matrices with the
four operators (29):
C(h1,Γ1),(h2,Γ2)(t1 − t2) = 〈Ω|
(
O(h1,Γ1)(t1)
)†
O(h2,Γ2)(t2)|Ω〉. (30)
Details of this calculation, which uses the propagators from the previous section, are
presented in App.B. Then, we extract the masses of the K and D mesons, as explained
in details in App.C and [6].
5 Numerical results
In this section, we will present some results for the continuum limit scaling of meson masses
using maximally twisted mass fermions. In the investigation below, we will employ both
the optimal and non-optimal definitions of maximal twist.
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5.1 Setup and physical parameters
We consider a setup, which is reminiscent of QCD with Nf = 2+1+1 flavours of quarks:
there is the degenerate doublet of light fermions (masses mu,d) and the non-degenerate
doublet of significantly heavier fermions (masses ms ≈ 22mu,d and mc ≈ 284mu,d), where
the ratios of masses have been chosen as observed in the nature for the up/down, strange
and charm quarks. However, in contrast to QCD, we consider the fermions (to which we
will also refer as “quarks”) at tree-level, i.e. there are no interactions of any kind.
We consider a 3-dimensional spatial volume of extension N3 with periodic boundary
conditions. Having fixed the ratios of quark masses, there are two dimensionful parameters
remaining, N and mu,d. Their dimensionless product Nmu,d fully determines the physical
situation. We choose Nmu,d = 0.01. Roughly speaking, this assures that even for our
smallest lattices, the heavy charm quark mass mc in lattice units is smaller than 1 (see
below for more details).
5.2 Continuum limit and lattice parameters
For our lattice computations, the following set of parameters has to be chosen: the number
of lattice sites N in spatial direction (i.e. the spatial lattice volume is N3), the twisted
quark masses µq, µσ, µδ (in units of N = 1/a) and the untwisted quark masses m0,l and
m0,h (in units of N = 1/a).
At tree-level of perturbation theory, the continuum limit (a→ 0) and the infinite volume
limit (N → ∞) are equivalent. This means that the role of lattice spacing a is played
simply by the inverse of the number of lattice points N .
To recover in the continuum limit the setup described in the previous subsection, the
lattice parameters have to be chosen in the following way, if the optimal definition of
maximal twist is used:
• Untwisted quark masses:
m0,l = m0,h = 0. (31)
• Twisted quark masses:
Nµq = mu,d, N(µσ − µδ) = ms, N(µσ + µδ) = mc. (32)
When approaching the continuum limit, we set the twisted quark masses as specified in
(32), i.e. we use this choice of twisted quark masses also at finite lattice spacing. The
actual values of the strange and the charm quark mass for our numerical simulations are
chosen such that they correspond to the ratios of central values of quark mass estimates
published by the Particle Data Group [20] –ms/mu,d = 21.5901 andmc/mu,d = 284.091
1 .
1 Of course, since we are studying here an unphysical situation which, however, can illustrate
the size of cut-off effects, the definite values for the quark masses used are not very important
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This implies that since N(µσ + µδ) = Nmc ≈ 0.01 × 284 = 2.84, even for our smallest
lattices, corresponding toN = 4, the heaviest quark mass in lattice units (equal to µσ+µδ)
is smaller than 1.
Regarding the untwisted quark masses, we study different ways of approaching the contin-
uum limit. A particular and optimal choice is m0,l = m0,h = 0. However, any other choice
Nm0,l = O(1/N) and Nm0,h = O(1/N) also corresponds to maximal twist. Therefore, we
also study the choices:
Nm0,l =
cl
N
, Nm0,h =
ch
N
, (33)
with cl and ch arbitrary, but constant. Note, however, that in practice such choices should
not be considered since –while still keeping the O(a)-improvement of the theory– they
might lead to the chirally enhanced cut-off effects, as discussed in Refs. [15,16,17,18,19].
5.3 Numerical study of the continuum limit
We study the continuum limit by performing computations with various lattice volumes,
ranging from N3 = 43 to N3 = 963. In Figs. 1, 2 and 4 we investigate the contin-
uum limit of mK and mD for different realizations of maximal twist, c ≡ cl = ch ∈
{0, 0.04, 0.06, 0.08, 0.1} (Fig. 1), c ≡ cl = ch ∈ {0, 1.0, 1.5, 2.5} (Fig. 2) and cl = 0, ch = 0.1
or cl = 0.1, ch = 0 or cl = ch = 0.1 (Fig. 4). The curves in the plots correspond to fits of
quartic polynomials in 1/N2:
Nmπ,K,D = a0 + a1
1
N2
+ a2
(
1
N2
)2
+ a3
(
1
N2
)3
+ a4
(
1
N2
)4
. (34)
In the former case, i.e. for relatively small values of the parameter c and large lattices
(N = 32 to N = 96), we observe a linear dependence in 1/N2 = a2 (i.e. the values of
higher order coefficients an (n ≥ 2) in (34) are very small). This is, of course, expected,
since Wilson twisted mass lattice fermions at maximal twist guarantee the absence of
O(a) discretization effects.
On the other hand, for large values of c ≡ cl = ch (as shown in Fig. 2), both K and D meson
masses as functions of 1/N2 clearly exhibit a non-vanishing curvature increasing with the
value of c. However, this curvature can be well described by higher order corrections
in 1/N2, as required from an O(a)-improved theory. Nevertheless, when choosing the
coefficients cl,h large, the theory is more and more tuned towards the Wilson quark action
showing large cut-off effects. For very large c values, also the extracted continuum limit
values of meson masses are not reliable – because of the large curvature, in order to
extrapolate to the continuum limit, one would need lattices with N > 96 in such case. Of
and any reasonable value of the ratio of quark masses would be sufficient. Nevertheless, we have
used the accurate values of ref. [20] to reflect the physical ratios of the quark masses as close as
possible.
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Fig. 1. The cut-off effects and the continuum limit of: (a) kaon mass, (b) D meson mass, for
different realizations of maximal twist c ≡ cl = ch ∈ {0, 0.04, 0.06, 0.08, 0.1} and 32 ≤ N ≤ 96
lattices.
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Fig. 2. The cut-off effects and the continuum limit of: (a) kaon mass, (b) D meson mass, for
different realizations of maximal twist c ≡ cl = ch ∈ {0, 1.0, 1.5, 2.5} and 32 ≤ N ≤ 96 lattices.
course, the values of cl,h used here are exceptionally large, leading to cases of non-optimal
tuning to maximal twist that would never be used in practice. Hence, our investigation of
these non-optimal tuning conditions serves solely illustrative purposes to indicate when
higher order corrections in 1/N2 become relevant.
The values obtained for the a0 coefficient correspond to meson masses extrapolated to the
continuum limit. Within our numerical precision, they agree with the expected continuum
results, i.e. the respective sums of the corresponding quark masses Nmu,d = 0.010, Nms =
0.21591 and Nmc = 2.84091.
The slope parameter a1 describes the magnitude of O(a
2) discretization effects. The ex-
tracted values of this parameter are shown in Fig. 3 for the cases c ≡ cl = ch and
cl = 0, ch ≥ 0. In the case of cl = ch = 0 (Fig. 3(a)), the cut-off effects are significantly
larger for the D meson than for the K meson, while the smallest ones are observed for the
pion. Considering the relative discretization effects, given by the ratios a1/a0, we observe
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Fig. 3. The slope a1 in eq. (34) for the pion, kaon and D meson masses vs. the values of cl and
ch. (a) The case c ≡ cl = ch. (b) The case cl = 0, ch ≥ 0.
 0.2259
 0.226
 0.2261
 0.2262
 0.2263
 0.2264
 0.2265
 0  0.0002  0.0004  0.0006  0.0008  0.001
N
·M
K
1/N2
N·mq=0.01,  N·MK
cont
=0.225909
ch=0, cl=0.1
ch=0.1, cl=0
ch=cl=0.1
(a)
 2.851
 2.8515
 2.852
 2.8525
 2.853
 2.8535
 2.854
 0  0.0002  0.0004  0.0006  0.0008  0.001
N
·M
D
1/N2
N·mq=0.01,  N·MD
cont
=2.85091
ch=0, cl=0.1
ch=0.1, cl=0
ch=cl=0.1
(b)
Fig. 4. The cut-off effects and the continuum limit of: (a) kaon mass, (b) D meson mass, for
different realizations of maximal twist: (cl = 0, ch 6= 0), (cl 6= 0, ch = 0), (cl = ch 6= 0).
that the cut-off effects are ∼ 102 times larger for the D meson than for the K meson and
∼ 103 times larger for the kaon than for the pion. Moreover, the size of discretization
effects increases with increasing values of the parameter c ≡ cl = ch, but the sensitivity
to this parameter is clearly the largest for the pion mass and it is very weak in the case
of the D meson mass. This is an expected feature of the considered setup, since the non-
vanishing bare Wilson quark mass, introduced by non-zero values of the parameter c, is
relatively large in comparison with the pion mass and almost negligible as compared to
the D meson mass (unless very large values of c are considered). The case cl = 0, ch ≥ 0
(Fig. 3(b)) will be referred to below.
However, as we have already mentioned, O(a2m2q) effects are expected to be present in
O(a)-improved theories and they can become important in theories with heavy strange and
charm quarks. Therefore, theO(a2) discretization effects given by the extracted parameter
a1 contain the “pure” O(a
2) effects and in addition the O(a2m2q) effects.
In order to disentangle O(a2) and O(a2m2q) effects, we have computed the dependence of
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Fig. 5. The O(a2), O(a2m2q) and O(a
2m4q) effects (where q = s, c) in: (a) kaon mass, (b) D meson
mass. The case of optimal tuning to maximal twist (cl = ch = 0).
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Fig. 6. The extracted values of the parameters (a) b0, (b) b1, for different values of the parameter
c = cl = ch. b0 and b1 are defined by eq. (35).
the K and D meson masses on Nms and Nmc, respectively, for fixed lattice size N . Then,
we have fitted the following function to the lattice data:
NMlat −NMcont = b0
1
N2
+ b1
(Nmq)
2
N2
+ b2
(Nmq)
4
N2
, (35)
where: NMlat – the lattice value of the K or D meson mass, NMcont = Nmu,d + Nmq –
its continuum (N →∞) counterpart, q = s or c. The dependences of the K and D meson
masses on Nmq, together with the fit of the above functional form, are depicted in Fig. 5
for the case cl = ch = 0. The extracted values of b0, b1 and b2 are shown in Table 1 for
cl = ch = 0, cl = ch = 0.1 and cl = 0, ch = 0.1. For our fit, we have used N = 48.
However, we have checked for other lattice sizes (N = 16, 32, 64) that the values of b0, b1
and b2 remain the same, within numerical precision.
Our fits are summarized in Fig. 6 (for the case c ≡ cl = ch) and Fig. 7 (for cl = 0, ch ≥ 0).
Fig. 6(a) shows the magnitude of “pure” O(a2) effects for the pion, the kaon and the D
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Fig. 7. The extracted values of the parameters (a) b0, (b) b1, for different values of the parameter
ch, with cl = 0. b0 and b1 are defined by eq. (35).
c = cl = ch = 0 c = cl = ch = 0.1 cl = 0, ch = 0.1
Coefficient K meson D meson K meson D meson K meson D meson
b0 0.000571 -0.552 0.499 -0.199 0.00442 -0.596
b1 -0.0373 0.214 -0.0848 0.198 -0.0848 0.183
b2 -0.159 0.00540 -0.0623 0.00550 -0.0623 0.00592
Table 1
The fitting coefficients of eq. (35). The fits are shown in Fig. 5 for the case N = 48, cl = ch = 0.
c = cl = ch = 0 c = cl = ch = 0.1 cl = 0, ch = 0.1
Effects K meson D meson K meson D meson K meson D meson
O(a2) 2.5 · 10−7 −2.4 · 10−4 2164 · 10−7 −0.9 · 10−4 19.2 · 10−7 −2.6 · 10−4
O(a2m2q) −7.6 · 10
−7 7.5 · 10−4 −17 · 10−7 6.9 · 10−4 −17.2 · 10−7 6.4 · 10−4
O(a2m4q) −1.5 · 10
−7 1.5 · 10−4 −0.6 · 10−7 1.6 · 10−4 −0.6 · 10−7 1.7 · 10−4
sum −6.6 · 10−7 6.6 · 10−4 2146 · 10−7 7.6 · 10−4 1.4 · 10−7 5.5 · 10−4
Table 2
The decomposition of the difference NMlat −NMcont for the K and D mesons. The lattice size
N = 48, the strange quark mass Nms = 0.21591 and the charm quark mass Nmc = 2.84091.
meson. In the region of small values of the parameter c, these effects are the largest for
the D meson and comparable to each other for the pion and the kaon. Moreover, the curve
b0(c) coincides with the curve a1(c) in Fig. 3(a), since in the case of the pion O(a
2m2u,d)
effects are negligible, due to the small value of light quark masses. We also observe that
the value of b0 increases with increasing c. However, since b0 < 0 for the D meson in this
region, the size of O(a2) effects decreases when the parameter c increases, which means
that the effects of non-optimal tuning can partially cancel O(a2) effects. For a particular
value of the parameter c (around 0.13) a complete cancellation can even occur (i.e b0 = 0
can result).
Fig. 6(b) shows the magnitude of O(a2m2q) effects for the kaon and the D meson. These
effects depend only slightly on the value of the parameter c. Interestingly, the sign of
O(a2m2q) is opposite to the sign of the “pure” O(a
2) effects, which means that a partial
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cancellation between these two types of effects occurs.
Further insight into the role of a method of tuning to maximal twist can be obtained by
analyzing the dependence of cut-off effects for cl = 0 and ch ≥ 0, i.e. if the Wilson mass
m0,l is precisely tuned to maximal twist, while the Wilson mass m0,h is non-optimally
tuned (Fig. 7). In such case, the O(a2) effects are again much larger for the D meson than
for the kaon. What is more, the magnitude of these effects is much smaller for the kaon
than in the case cl = ch. This implies that non-optimal tuning in the light sector leads to
much larger effects than non-optimal tuning in the heavy sector. Still, both effects tend to
increase the value of the coefficient b0. The situation is different for the D meson. There,
the effects of non-optimal tuning of m0,l and m0,h have opposite signs and thus the “pure”
O(a2) effects in the case cl = 0, ch > 0 increase with increasing value of the parameter ch.
In this way, the partial or complete cancellation of O(a2) effects that we have observed
in the case cl = ch can be attributed to non-optimal tuning of m0,l and not m0,h.
Regarding the size of O(a2m2q) effects in the case cl = 0, ch ≥ 0, Fig. 7(b) shows that
again non-optimal tuning in the light and in the heavy sector can have opposite effects. In
the case of the D meson, a partial cancellation of O(a2m2q) effects can occur for positive
values of the parameter ch, but in the case of the kaon, the effects of non-optimal tuning
of the Wilson mass m0,h reinforce the magnitude of O(a
2m2q) effects.
It is also interesting to see the relative contribution of O(a2), O(a2m2q) and O(a
2m4q)
discretization effects to the difference NMlat − NMcont for some chosen values of the
lattice size and the strange and charm quark masses. Here we choose againN = 48 and the
quark masses considered in the earlier tests described in this section, i.e. Nms = 0.21591,
Nmc = 2.84091. The decomposition of the difference NMlat−NMcont for such parameter
values is shown in Table 2, for the cases cl = ch = 0, cl = ch = 0.1 and cl = 0, ch = 0.1.
The size of O(a2), O(a2m2q) and O(a
2m4q) cut-off effects is of the same order of magnitude
in the case of optimal tuning to maximal twist in both the light and the heavy sector.
However, in this case the largest contribution to the difference NMlat−NMcont is the one
of O(a2m2q) effects, for both the K and D meson. Moreover, the relative sign of O(a
2) and
O(a2m2q) effects is different. The O(a
2m4q) effects are roughly a factor of 5 smaller than
O(a2m2q) effects in the case of both meson masses. Again, the overall size of discretization
effects is much more important for the D meson than for the kaon, both if we consider
absolute and relative cut-off effects.
In the case of non-optimal tuning of bothm0,l andm0,h, the O(a
2) effects (induced by non-
optimal tuning particularly in the light sector) are much more important than O(a2m2q)
effects in the kaon case, but the latter still dominate in the case of the D meson.
An interesting situation occurs in the case cl = 0, ch = 0.1 for the kaon, where we observe
that O(a2) effects are almost equal in magnitude, but of opposite sign to the O(a2m2q)
effects. Thus, an almost exact cancellation occurs and the overall size of cut-off effects
is much smaller than in the case of optimal tuning in both sectors. Such decrease of the
overall size of discretization effects with respect to the optimal tuning case occurs also for
the D meson, which is the effect that can be clearly observed in Fig. 3(b).
To summarize, we observe a very intricate interplay of different types of effects – O(a2),
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O(a2m2q) and even O(a
2m4q) effects can become sizable. A partial or complete cancellation
between O(a2) and O(a2m2q) effects is possible and moreover such cancellation can also
occur between effects of non-optimal tuning to maximal twist in the light and heavy
sectors. Needless to say, the behaviour in the interacting theory should be expected to be
even more complex.
6 Conclusions
In this paper, we have provided an analytical basis for studying lattice spacing effects at
tree-level of perturbation theory for maximally twisted mass Wilson quarks, when both
the heavy quark doublet and the light one are included. Particularly, we have calculated
the 4-dimensional momentum space and time-momentum frame quark propagators in the
heavy sector and constructed the matrix of correlation functions for the K and D mesons.
We have investigated the scaling of the kaon and the D meson masses with the lattice
spacing, for optimal and non-optimal tuning to maximal twist. We have clearly verified
that the lattice spacing effects appear in even powers of 1/N = a, as expected from
the general automatic O(a)-improvement of maximally twisted mass lattice QCD. More
precisely, for the case of optimal tuning (given by the introduced parameter c ≡ cl = ch =
0, where cl and ch determine the light and heavy Wilson mass: Nm0,l = cl/N, Nm0,h =
ch/N) and non-optimal tuning with small c values, we have observed the linear dependence
of meson masses in 1/N2 = a2, while for sufficiently large c values, the O(a4) and higher
order corrections can become important.
We have also disentangled the O(a2), O(a2m2q) and O(a
2m4q) discretization effects (where
mq is the mass of the strange or the charm quark) in the kaon and the D meson masses and
we have found a multitude of competing effects. The overall size of discretization effects
can considerably depend on the details of tuning to maximal twist in both the light and the
heavy sector. Partial cancellations (or even full cancellations for some particular values
of parameters) can occur between the O(a2) effects and the O(a2m2q) effects and even
between effects of non-optimal tuning in the light sector and the effects of non-optimal
tuning in the heavy sector. Thus, non-optimal tuning can in certain instances decrease
the overall size of discretization effects.
We believe that although our results do not provide any proofs for the interacting case,
they give a clear warning: one should expect a very complex interplay of different effects
and thus when physical observables in the strange and especially charm sectors are evalu-
ated in full QCD, the enhanced cut-off effects should carefully be taken into account and
physical results obtained at a single value of the lattice spacing can differ significantly
from the continuum results.
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Appendix A
The kernel of the heavy quark propagator:
K(x; y) = −
1
2a
4∑
µ=1
[(δαβ − (γµ)αβ)δx+aµˆ,y + (δαβ + (γµ)αβ)δx−aµˆ,y] δABδij+ (36)
+
[(
m0,h +
4
a
)
δαβδij + iµσ(γ5)αβτ
1
ij + µδτ
3
ijδαβ
]
δxyδAB,
x = na, y = ma, n,m ∈ Z.
Further, we skip colour, flavour and Lorentz indices.
After discrete Fourier transformation:
K(p) =
∑
x−y
K(x; y)e−ip(x−y), (37)
we get:
K(p) =
i
a
4∑
i=1
γi sin(pia)+
1
a
(1− cos(p4a))+
2
a
3∑
i=1
sin2
(
pia
2
)
+m0,h+ iµσγ5τ1+µδτ3. (38)
Denote:
M0,h = m0,h +
2
a
3∑
i=1
sin2
(
pia
2
)
, N = M0,h(p) +
1
a
(1− cos(p4a)), (39)
K =
1
a
3∑
i=1
γi sin(pia), R
2 = µ2δ + µ
2
σ +K
2 +
1
a2
sin2(p4a). (40)
Then, the matrix operator K(p) takes the form:
K(p) = N + µδτ3 + iK + iµσγ5τ1. (41)
The propagator can be calculated from the following relation:
S(h)(p)K(p) = 1, S(h)(p) =
K†(p)
K(p)K†(p)
. (42)
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Using the properties of gamma matrices, we get the heavy twisted mass propagator:
S(h)(p) =
N + µδτ3 − i
∑4
µ=1
γµ
a
sin(pµa)− iµσγ5τ1
N2 +R2 + 2Nµδτ3 + 2µσµδγ5τ2
. (43)
The denominator has the form n+mτ3+ lτ2, where n,m and l are numbers. To eliminate
the flavour structure from the denominator, we rearrange:
(n+mτ3+ lτ2)(n−mτ3− lτ2) = (n+mτ3)(n−mτ3) + lτ2(n−mτ3)− (n+mτ3)lτ2− l
2 =
n2 +mnτ3 − nmτ3 −m
2 + lnτ2 − lmτ2τ3 − nlτ2 −mlτ3τ2 − l
2 = n2 −m2 − l2. (44)
After this, we obtain:
S(h)(p)) =
(N + µδτ3 − i
∑4
µ=1
γµ
a
sin(pµa)− iµσγ5τ1)(N
2 +R2 − 2Nµδτ3 − 2µσµδγ5τ2)
(N2 +R2)2 − 4N2µ2δ − 4µ
2
σµ
2
δ
.
(45)
The denominator of the last expression has two zeros which correspond to the poles of
the propagator:
coshE1,2 = cos(p4a)1,2 =
−b1 ∓
√
(b1)2 − 4(a1)(c1)
2(a1)
. (46)
We calculate the residues of the function:
f =
ia
8π
e−E
t
a
L1(E)((
M0,h +
1
a
)2
− µ2δ
)
(coshE − coshE1)(coshE − coshE2)
(47)
The first residue is taken at the point E = E1:
(res f)E=E1 =
ia
8π
e−E1
t
a
P1(E1)((
M0,h +
1
a
)2
− µ2δ
)
sinhE1(coshE1 − coshE2)
, (48)
where:
P1(E1) = N1(N
2
1 +R
2
1 − 2µ
2
δ) + µδ(R
2
1 −N
2
1 − 2µ
2
σ)τ3 − i(N
2
1 +R
2
1)
(
K +
iγ4
a
sinhE1
)
+
2iµσµδ
(
K +
iγ4
a
sinhE1
)
γ5τ2 + 2iN1µδ
(
K +
iγ4
a
sinhE1
)
τ3 − iµσ(N
2
1 +R
2
1 − 2µ
2
δ)γ5τ1,
(49)
N1 = M0,h +
1
a
(1− coshE1), R
2
1 = K
2 + µσ + µδ −
1
a2
sinh2E1. (50)
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The second residue is at the point E = E2:
(res f)E=E2 =
ia
8π
e−E2
t
a
P1(E2)((
M0,h +
1
a
)2
− µ2δ
)
sinhE2(coshE2 − coshE1)
, (51)
where:
P1(E2) = N2(N
2
2 +R
2
2 − 2µ
2
δ) + µδ(R
2
2 −N
2
2 − 2µ
2
σ)τ3 − i(N
2
2 +R
2
2)
(
K +
iγ4
a
sinhE2
)
+
2iµσµδ
(
K +
iγ4
a
sinhE2
)
γ5τ2 + 2iN2µδ
(
K +
iγ4
a
sinhE2
)
τ3 − iµσ(N
2
2 +R
2
2 − 2µ
2
δ)γ5τ1,
(52)
N2 = M0,h +
1
a
(1− coshE2), R
2
2 = K
2 + µσ + µδ −
1
a2
sinh2E2. (53)
The propagator is then the sum:
S∞(p˜, t) = 2πi [(res f)E=E1 + (res f)E=E2] . (54)
Appendix B
The elements of the correlation function matrix are calculated for infinite time using
the expressions for infinite time twisted mass propagators (17) and (26). We show the
calculation of one of them. We use the Fourier transformation, the definition of the δ-
function and gamma algebra:
C11(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(s)(x))†(ψ¯(u)(0)γ5ψ
(s)(0)〉 =
=
∑
~x
Tr{γ5S
u¯u(~x, t; 0, 0)γ5S
s¯s(0, 0; ~x, t)} =
=
∑
~x
Tr

 1
L3
∑
~p
ei~p~xSu¯u(~p, t)
1
L3
∑
~q
e−i~q~xγ5S
s¯s(~q,−t)γ5

 = (55)
=
1
L3
∑
~p
Tr

 1
L3
∑
~q
∑
~x
ei~p~x−i~q~xSu¯u(~p, t)γ5S
s¯s(~q,−t)γ5

 =
=
1
L3
∑
~p
Tr

 1
L3
∑
~q
δ(~p− ~q)Su¯u(~p, t)γ5S
s¯s(~q,−t)γ5

 =
18
=
1
L3
∑
~p
Tr (Su¯u(~p, t)γ5S
s¯s(~p,−t)γ5) .
The components of the light and heavy quark propagators can be written in the following
way:
S s¯s(~p,−t) =
3∑
i=1
γifi + γ4f4 + 1 · f6, S
u¯u(~p, t) =
3∑
i=1
γidi + γ4d4 + γ5d5 + 1 · d6. (56)
Thus, we get:
Tr {Su¯u(~p, t)γ5S
s¯s(~p,−t)γ5} = Tr
{ 3∑
i=1
−difi − d4f4 + d6f6
}
. (57)
We identify the corresponding coefficients fi and di, where i = 1, .., 6 in the expressions
(56) and (57) and obtain:
C11(t) =
NcNd
L3
∑
~p
{
aCK2[A(N21 +R
2
1) +B(N
2
2 +R
2
2) + 2µδ(AN1 +BN2)]+ (58)
+
C sinhEl1
a
[
A(N21 +R
2
1) sinhE1 +B(N
2
2 +R
2
2) sinhE2 + 2µδ(AN1 sinhE1 +BN2 sinhE2)
]
+
+C(1− coshEl1 + aM0,l)[AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)−
−µδ[A(R
2
1 −N
2
1 − 2µ
2
δ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]]
}
.
C22(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(c)(x))†ψ¯(u)(0)γ5ψ
(c)(0)〉 =
NcNd
L3
∑
~p
{
aCK2[A(N21 +R
2
1) +B(N
2
2 +R
2
2)− 2µδ(AN1 +BN2)]+ (59)
+
C sinhEl1
a
[
A(N21 +R
2
1) sinhE1 +B(N
2
2 +R
2
2) sinhE2 − 2µδ(AN1 sinhE1 +BN2 sinhE2)
]
+
+C(1− coshEl1 + aM0,l)[AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)+
+µδ[A(R
2
1 −N
2
1 − 2µ
2
δ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]]
}
,
C33(t) =
∑
~x
〈(ψ¯(u)(x)ψ(s)(x))†ψ¯(u)(0)ψ(s)(0)〉 =
19
=
NcNd
L3
∑
~p
{
aCK2[A(N21 +R
2
1) +B(N
2
2 +R
2
2) + 2µδ(AN1 +BN2)]+ (60)
+
C sinhEl1
a
[
A(N21 +R
2
1) sinhE1 +B(N
2
2 +R
2
2) sinhE2 + 2µδ(AN1 sinhE1 +BN2 sinhE2)
]
−
−C(1− coshEl1 + aM0,l)[AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)−
−µδ[A(R
2
1 −N
2
1 − 2µ
2
δ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]]
}
,
C44(t) =
∑
~x
〈(ψ¯(u)(x)ψ(c)(x))†ψ¯(u)(0)ψ(c)(0)〉 =
=
NcNd
L3
∑
~p
{
aCK2[A(N21 +R
2
1) +B(N
2
2 +R
2
2)− 2µδ(AN1 +BN2)]+ (61)
+
C sinhEl1
a
[
A(N21 +R
2
1) sinhE1 +B(N
2
2 +R
2
2) sinhE2 − 2µδ(AN1 sinhE1 +BN2 sinhE2)
]
−
−C(1− coshEl1 + aM0,l)[AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)+
+µδ[A(R
2
1 −N
2
1 − 2µ
2
δ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]]
}
,
C43(t) =
∑
~x
〈(ψ¯(u)(x)ψ(s)(x))†ψ¯(u)(0)ψ(s)(0)〉 =
=
NcNd
L3
∑
~p
aCµqµσ{A(N
2
1 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)}, (62)
C34(t) =
∑
~x
〈(ψ¯(u)(x)ψ(c)(x))†ψ¯(u)(0)c(0)〉 =
=
NcNd
L3
∑
~p
aCµqµσ{A(N
2
1 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)}, (63)
C31(t) =
∑
~x
〈(ψ¯(u)(x)ψ(s)(x))†ψ¯(u)(0)γ5ψ
(s)(0)〉 =
=
NcNd
L3
∑
~p
(iaCµq){AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)− (64)
−µδ[A(R
2
1 −N
2
1 − 2µ
2
σ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]},
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C13(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(s)(x))†u¯(0)ψ(s)(0)〉 =
=
NcNd
L3
∑
~p
(−iaCµq){AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)− (65)
−µδ[A(R
2
1 −N
2
1 − 2µ
2
σ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]},
C42(t) =
∑
~x
〈(ψ¯(u)(x)ψ(c)(x))†ψ¯(u)(0)γ5ψ
(c)(0)〉 =
=
NcNd
L3
∑
~p
(iaCµq){AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)+ (66)
+µδ[A(R
2
1 −N
2
1 − 2µ
2
σ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]},
C24(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(c)(x))†ψ¯(u)(0)ψ(c)(0)〉 =
=
NcNd
L3
∑
~p
(−iaCµq){AN1(N
2
1 +R
2
1 − 2µ
2
δ) +BN2(N
2
2 +R
2
2 − 2µ
2
δ)+ (67)
+µδ[A(R
2
1 −N
2
1 − 2µ
2
σ) +B(R
2
2 −N
2
2 − 2µ
2
σ)]},
C12(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(s)(x))†ψ¯(u)(0)γ5ψ
(c)(0)〉 =
=
NcNd
L3
∑
~p
(−aCµqµσ)
{
A(N21 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)
}
, (68)
C21(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(c)(x))†ψ¯(u)(0)γ5ψ
(s)(0)〉 =
=
NcNd
L3
∑
~p
(−aCµqµσ)
{
A(N21 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)
}
, (69)
C14(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(s)(x))†ψ¯(u)(0)ψ(c)(0)〉 =
=
NcNd
L3
∑
~p
{−2iCaK2µσµδ(A+B)−
2iC
a
sinhEl1µσµδ(A sinhE1 +B sinhE2)− (70)
21
−iCµσ(1− coshE
l
1 + aM0,l)[A(N
2
1 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)]},
C41(t) =
∑
~x
〈(ψ¯(u)(x)ψ(c)(x))†ψ¯(u)(0)γ5ψ
(s)(0)〉 =
=
NcNd
L3
∑
~p
{2iCaK2µσµδ(A +B) +
2iC
a
sinhEl1µσµδ(A sinhE1 +B sinhE2)+ (71)
+iCµσ(1− coshE
l
1 + aM0,l)[A(N
2
1 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)]},
C32(t) =
∑
~x
〈(ψ¯(u)(x)ψ(s)(x))†ψ¯(u)(0)γ5ψ
(c)(0)〉 =
=
NcNd
L3
∑
~p
{−2iCaK2µσµδ(A+B)−
2iC
a
sinhEl1µσµδ(A sinhE1 +B sinhE2)+ (72)
+iCµσ(1− coshE
l
1 + aM0,l)[A(N
2
1 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)]}
C23(t) =
∑
~x
〈(ψ¯(u)(x)γ5ψ
(c)(x))†ψ¯(u)(0)ψ(s)(0)〉 =
=
NcNd
L3
∑
~p
{2iCaK2µσµδ(A +B) +
2iC
a
sinhEl1µσµδ(A sinhE1 +B sinhE2)− (73)
−iCµσ(1− coshE
l
1 + aM0,l)[A(N
2
1 +R
2
1 − 2µ
2
δ) +B(N
2
2 +R
2
2 − 2µ
2
δ)]}.
Appendix C
From the 4 × 4 correlation matrix in the twisted basis presented in App.B we get the
masses of K and D mesons by solving a generalized eigenvalue problem [21]:
∑
k
Cjk(t)v
(n)
k (t, t0) =
∑
k
Cjk(t0)v
(n)
k (t, t0)λ
(n)(t, t0), (74)
where k runs over (h,Γ), h ∈ {s, c} and Γ ∈ {γ5, 1}, n = 0, ..., 3.
Eq. (74) leads to the following equation, giving the four effective masses m
(n)
eff for the
lattice with temporal extension T :
λ(n)(t, t0)
λ(n)(t+ 1, t0)
=
e−m
(n)
eff
(t,t0)t + e−m
(n)
eff
(t,t0)(T−t)
e−m
(n)
eff
(t,t0)(t+1) + e−m
(n)
eff
(t,t0)(T−(t+1))
. (75)
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Since we have performed the integration over p4, our masses correspond to the limit
of infinite T . We consider finite t values, so the formula (75) becomes a ratio of two
exponentials. For our tree level calculations, we have used t0 > 10. We have explored the
dependence of the K and D masses on time and we have found that for the considered
spatial extensions L the mass plateaus are reached at t . 100.
We extract the meson masses from the plateaus at t ∈ [50, 120] (depending on the spatial
extension L of the lattices). In this range of t, our numerical precision gives plateaus of a
very good quality and thus reliable data for the masses.
To determine the parity and flavour content of the four effective masses we perform the
approximate rotation to pseudo physical basis [6]. After the rotation, the correlation
matrix takes the form:
Cph(h,Γ)(t) =M(ωl, ωh)C
χ
(h,Γ)(t)M(ωl, ωh)
†. (76)
The twist rotation matrix is orthogonal at maximal twist and has the form:
M(ωl, ωh) =


cos ωl
2
cos ωh
2
− sin ωl
2
sin ωh
2
−i sin ωl
2
cos ωh
2
−i cos ωl
2
sin ωh
2
− sin ωl
2
sin ωh
2
cos ωl
2
cos ωh
2
−i cos ωl
2
sin ωh
2
−i sin ωl
2
cos ωh
2
−i sin ωl
2
cos ωh
2
−i cos ωl
2
sin ωh
2
cos ωl
2
cos ωh
2
− sin ωl
2
sin ωh
2
−i cos ωl
2
sin ωh
2
−i sin ωl
2
cos ωh
2
− sin ωl
2
sin ωh
2
cos ωl
2
cos ωh
2

 (77)
and connects the operator Oph(h,Γ) in pseudo physical basis with the O
χ
(h,Γ) in the twisted
mass one:
Oph(h,Γ) = M(ωl, ωh)O
χ
(h,Γ), (O
ph
(h,Γ))
† = (Oχ(h,Γ))
†MT (ωl, ωh). (78)
These bilinear operators are chosen in the following way:
Oph(h,Γ) =


ψ¯(u)γ5ψ
s
ψ¯(u)γ5ψ
c
ψ¯(u)ψs
ψ¯(u)ψc

 , Oχ(h,Γ) =


χ¯(u)γ5χ
s
χ¯(u)γ5χ
c
χ¯(u)χs
χ¯(u)χc

 . (79)
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